This work presents the model and the simulation under control of a small aircraft (54 gr). All the code was written in Mathematica. The airplane was considered a rigid body and was modeled using Spacial Operator Algebra. Simulation is an attractive way of analyze complex problems like the behavior of aircraft. It seems simple, but there are many possible pitfalls that can make a simulation meaningless. As with any model it has to be simple enough, but not too simple. Aerodynamic forces and moments are the result of the pressure distribution over all the surface of the vehicle, and in our model they are simplified as local forces and moments.
Introduction
Simulation is a powerful tool to predict and understand a system behavior. It is relatively cheap, since it is a virtual system, but it can also be computational expensive. In a normal computer, the simulation time usually takes more time than the real time equivalent experiment. In ours, it takes between twelve and thirty times more, depending on the data collected and the length of the simulation.
Airplanes are expensive items to design, built, operate and maintain. Here simulation offers certain advantages, but its results must be taken with caution since the physical phenomena involved are complex. There are simulators, so complex, that mimic the behavior of an airplane and are used to train pilots to fly an specific airplane and must satisfy regulatory agencies constraints like the Federal Aviation Agency or the European Air Safety Agency.
At the other end of the spectrum, simulators are used to do experiments when the airplane does not exist, or exist and we want to know how certain modification alters its behavior, we want to identify its characteristics or develop a control for it.
The Classic Model
The simplest model of an airplane is the body of a rigid body subjected to external forces/moments: gravitational, propulsion and aerodynamic. It is written, in flight, as
where the state is given by = { , , , , , , , , , , , } is a combination of linear and angular speed ({ , , , , , }) in the body reference of frame, and position and attitude { , , , , , } in the earth or navigation reference of frame. Its basic form is found with subtle (but nevetheless important) variations in most flight dynamics books, like [1] , [2] , [3] , [4] , [5] , [6] , [7] the model is the result of applying classical mechanics and aerodynamics to a rigid body.
It is written as the combination a translation (Newton's equation), (̈+ × ) = + and a rotation (Euler's equation),
of a rigid body with respect its center of mass. Since the equations involve two frames of reference, ( , , , , , ) referred to the inertial frame and ( , , , , , ) referred to the body frame, the kinematic relations between them are part of the model
these equations, of the direct dynamic model, are used since the dawn of aviation (Bryan 1911) .
Recently the use of 6 dimensional vectors in the context of the study of robot and multi-body dynamics, derived from the work of Sir Robert Ball's mathematical screw (twist, wrench) [9] , Roy Featherstone's Spatial Vector Algebra [10] [11] and Guillermo Rodriguez's Spatial Operator Algebra [12] has become widespread, because they allow the development of efficient computation recursive algorithms, lead to a more compact expressions, and are less error prone when multiple changes must be made during the life of the vehicle.
An aircraft, even if its modeled as a rigid body, is a compound object usually formed by the fuselage, wing, engines, empennage, landing gear, an assortment of complex systems with discrete mechanical, electric and electronic elements.
Spatial Operator Algebra

Dynamic Equation
Using Spatial Operator Algebra, the movement equation will depend on the point of reference of the body considered translating, the center of mass (ℂ) or any other point ( ), and on the frame of reference used to express the movement variables, the inertial ( ) or body frame ( ). Therefore, the equation is written for the generalized 6 dimensional speed vector
usually the body frame of reference is used, (only used in the speed), is not written, but all the expressions used are express with respect to it. The simplest dynamics equations consider as point of reference the center of mass.
External Forces ( )
In the preceding equation the generalized force ( ) are the components of the external moments and forces considered acting at the point expressed in the frame, ( ) = { ) ( )} . For the case considered, an airplane, they are the gravity and aerodynamic generalized forces.
Since the point where the forces are applied is different from the point where the movement is calculated, the equivalent force must be used. 
As it can be seen ( , ) considers the change in the moment caused by the change in the force application point from to .
Therefore, if all the points where the forces are acting are referred to the same reference frame (datum), it will be straightforward to calculate their effect on any other point or frame of reference.
Gravity
For the calculus of the gravity force it is necessary to project the navigation frame into the body frame
since the point considered is not the center of mass therefore the gravity effect will produce a force and a moment.
Aerodynamic Forces and Moments
Aerodynamic forces and moments are related by dimensionless parameters to the dynamic pressure (   1   2 2 ) and certain dimensions of the plane, the wing surface ( ), the mean aerodynamic wing chord ( ) and the wing span ( ).
The forces aerodynamic are related to the speed vector, in straight symmetric flight they are the Drag (D) force in the direction of the speed, Lift (L) perpendicular to the direction of the speed, both in the aircraft symmetry plane. In equilibrium Pitch moment (M) is zero. The picture becomes more complex when the flight is not symmetric. Nevertheless they are projected in the axis of the aircraft (X,Y,Z)
As with any mechanical dynamic system, there are restoring (spring) forces and damping forces. The restoring forces/moments (in an stable aircraft) are due to the sideslip angle ( ) and angle of attack ( ). The damping forces/moments are due to the movement of the airplane (̇,̇, , , )
The relationship between the forces and moments is depends on the relative position of its elements: wing, fuselage, empennage, etc., i.e., the geometry of the aircraft, expressed as dimensionless parameters, e.g., for instance is the variation of the lift force with respect the angle of attack
Thin airfoil theory is a starting point to understand airfoils [13] , a compendium of very useful airfoils is found in [14] , [15] presents how to approximate the aerodynamic and control derivatives from the aircraft geometry, [1] is a good description of the phenomena associated with the airflow in which an aircraft flies, the work of [16] and [17] is specially important when we are working with small aircrafts
The control forces are generated by moving surfaces are an important part of the aerodynamic forces and are present in them as dimensionless coefficients known as control derivatives.
The ailerons ( ) at the end of the wing, have an asymmetric movement that causes a moment, ideally only around the airplane x axis. The elevator ( ) and the rudder ( ) are at the trailing edge of the horizontal and vertical stabilizers and furnish moments ideally only around the y and the z airplanes axes. Finally the thrust from the propeller ( ) completes the control parameters.
Spatial Inertia ( )
The spatial inertia combines the matrix inertia and the mass of the body. The simples spatial inertia is when it is referred to the center of mass. It is calculated from the kinetic energy of the body, sum of the kinetic energy of all its points
after the integration we get
being ( ) the inertia matrix, ( ) the position of the center of mass with respect the point , and the mass of the body.
The parallel-axis theorem allow recalculate the spatial inertia with respect other point
in this way the spatial inertia of each element can be calculated with respect a convenient frame of reference and after relocated in the vehicle
if there are rotations within the different frames of reference they must be accounted for
in this case the translation is expressed the reference of frame, the order of the operations is important.
This matrix is semi-positive definite and is positive definite if (ℂ) is positive definite, this last constraint is satisfied by our plane.
Gyroscopic Spatial Force ( )
The gyroscopic spatial force involve the spatial speed ( ) and the spatial inertia ℳ( ). The first term involves the bar operator applied to the spatial speed. The bar operator is defined for a vector = [ ] as
therefore the gyroscopic spatial force is given by the product
since all the points of the body have the same angular speed, the notation ( ) is used to represent the frame in which the speed is expressed.
Model Analysis
The evolution of the system is calculated by
where a Runge-Kutta algorithm is used for the integration of the nonlinear system equations. The classic stability and control analysis is done on the equivalent LTI system. [4] , [18] It considers small perturbations from an equilibrium condition ( (0) constant, i.e., ̇(0) = 0). The linearization of the system yields ̇= + = − 0 = − 0 with 0 = { , = 0, , , , , = 0, = 0, = 0, = 0, , } and 0 = { , = 0, = 0, }. Generally, the structure of this system allow to split it in two independent subsystems: the longitudinal and the lateral-directional system, each one involving six of the twelve variables and two of four the controls. The longitudinal system is constituted by { , , , , , } and { , }, while the lateral-directional system is formed by { , , , , , } and { , }.
Usually, the stability frame is used for this analysis, in this frame the speed vector defines the direction of the -x axis and the lift vector defines the -z direction. Where in this case the variables of the longitudinal system are { , , , , , } and for the lateral-directional system are { , , , , , }, the controls are the same, { , } for the longitudinal system and { , } for the lateral-directional system.
Each stability matrix has a rank of 4. Working for a smaller model is good for design, but we will always need to verify that the full system is stable.
Control
The control is constituted by several parts. First there is a via point processing part that feeds the via points to the feedforward part, there is also a stabilizing feedback part that increases the stability of the system. The feedforward part uses the error between the desired speed and attitude in the navigation space
and projects it into the body space and to the control surfaces through a PID control.
or a polynomial of the error past values
with where ∈ ℝ × is map from the control space, ∈ ℝ to the state space ∈ ℝ . −1 , for an angle of attack is calculated using the linear model and the singular value decomposition of = ⋅ ⋅ ∈ ℝ × , therefore
6. Results
Spatial Inertia
The calculus of the spatial inertia for a small scale aircraft of was done using the methodology presented. The mass of the plane is 0.229kg. The position of the center of mass, from the datum origin located at the forward end of the plane with the +x axis pointing forward, the +z axis pointing downward and +y axis forming a right hand frame, is {-0.114801,0.,-0.00205742}
(m) the resultant spatial inertia (kgm 2 ) is
This value corresponds to the empty structure of the airplane.
Linear Analysis
For an angle of attack of 0degrees, an altitude of 2500m, the aircraft trimmed for a speed of 9.08433m/s the resultant models are • in the longitudinal model the system has dos complex poles corresponding respectively to the the short-period and the fugoid modes; the first with a fast period (0.235s), while the second with a slow period (6.419s). In this case all the poles are stable.
• lateral-directional reduced model, stability matrix • This results are only for an angle of attack, where the vehicle is stable. However, it does not have the same behaviour at other angles of attack, previous work has shown us that the aircraft can have unstable modes [19] . Therefore the feedback part of the control that is still to be developed.
Simulation
The aircraft model and control were programmed. The result of the experimente shown in figures 1, 2 and 3 for a trajectory with several changes of azimuth { /2, − / 8, , − , − }. The trajectory has a duration of 300s, and was performed in approximately one hour, the control used was based on a polynomial of the error.
As it can be seen, with this control, the turns are not coordinated.
Conclusion & Future Work
The result of the present paper is a model of a small radio controlled high wing aircraft, using this model a experimental linear control was developed. A this point in time simple maneuvers can be achieved, and the aircraft follow a complex and constrained trajectory. This is future work involves more complex manoeuvres as well as the feedback control. Since this is not the final version of the aircraft all the process will have to be redone. We believe that the approach presented will simplify the process. As with any program simulation, errors and bugs can help or hinder the results and we spend a lot of time trying to eliminate them. 
